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a b s t r a c t
Let G be a finite connected graph and T be a spanning tree. For any edge e of T , let Ae, Be be
the components of T \ e. The edge congestion of e in T is defined as ecG(e, T ) = |{uv |
u ∈ Ae, v ∈ Be}|, and the congestion of T is the maximum of ecG(e, T ) over all edges
of T . Then the spanning tree congestion s(G) of G is the minimum of congestion over all
spanning trees of G. Hruska [S.W. Hruska, On tree congestion of graphs, Discrete Math. 308
(2008) 1801–1809] conjectured that for the hypercube Qd, s(Qd) = 2d−1. We disprove the
conjecture and show that s(Qd) = Θ( log2 dd 2d).
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Let G be a finite connected graph and T be a spanning tree of G. For uv ∈ E(G), the path from u to v in T is called a detour.
The edge congestion ecG(e, T ) of an edge e in T is defined to be the number of detours that contain the edge e. Alternatively,
we can reformulate the definition using edge-boundary. For a subset A of V (G), the edge-boundary ∂A of A is defined as
E(A, A¯) = {uv ∈ E(G) | u ∈ A, v 6∈ A}. Writing Ae and Be for the components of T − e, we have ecG(e, T ) = |∂V (Ae)|. Denote
the degree of a vertex v in the subgraph induced by A as dA(v). Using the Handshaking Lemma, we have
ecG(e, T ) =
∑
v∈Ae
dG(v)−
∑
v∈Ae
dAe(v) =
∑
v∈Ae
dG(v)− 2|E(Ae)|. (1)
The maximum of ecG(e, T ) over all edges of T is called the congestion of T . The minimum of congestion over all possible
spanning trees T of G is called the spanning tree congestion s(G) of G. It was introduced by Ostrovskii [9], whosemain interest
was to estimate the maximum of s(G) for G with n vertices. Hruska [6] computed s for complete bipartite graphs and two-
dimensional grids.
The hypercube Qd is the graph whose vertices are the 0-1 vectors of length d ≥ 0; and two vertices are adjacent if and
only if they differ by one entry. Hruska [6] conjectured that s(Qd) = 2d−1 for any integer d ≥ 1. In this paper we disprove
the conjecture, showing that
s(Qd) = Θ
(
log2 d
d
2d
)
.
More precisely, we show that s(Qd) = 2d−1 for 1 ≤ d ≤ 6, and for d > 7,
(log2 d/d)2
d ≤ s(Qd) ≤ blog2 dc2blog2 dc 2
d + (d− 2blog2 dc)(d− blog2 dc)+ (d− 2)blog2 dc.
For d = 7, our general construction yields a spanning tree with congestion larger than 26, so we can only conclude that
59 ≤ s(Q7) ≤ 64. Note that our upper bound is smaller than 2d−1 when d > 7.
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2. Upper bound for s(Qd)
In this section,we shall construct spanning trees ofQd for d ≥ 7with congestion smaller thanwhatHruska [6] conjectured
(s(Qd) = 2d−1). The procedure is as follows. Let k = blog2 dc. By fixing the first k entries, we decompose Qd into 2k subcubes
of dimension (d− k). We use a spanning tree of Qk to build a tree that connects the 2k subcubes of Qd. The latter tree is then
extended to a spanning tree of Qd by constructing spanning trees in each of the (d− k)-dimensional subcubes.
We shall adopt the following notations. For any subgraph G of Qd−1, we write G0 for the subgraph of Qd obtained by
adding a zero after the last entry of each vertex of G; similarly for G1. For any integer n > 0, let 0n denote the vector of n
zeros and e(i, n) be the vector of length nwhose only nonzero entry is 1 at the ith entry. Let ei = e(i, d− k).
The following simple fact is useful when we estimate edge congestion.
Proposition 1. Let f (x) = (d− x)2x. Then f is increasing for x ≤ d− 2 and f (d− 1) = f (d− 2).
Proof. Since f ′(x) = (d− x)2x ln 2− 2x = 2x(d ln 2− x ln 2− 1) ≥ 2x(2 ln 2− 1) > 0, f is increasing for x ≤ d− 2. 
We build a family of spanning trees which is a major constituent of our spanning trees of Qd. Let T1 = Q1 = {0, 1} and
for d > 1, let Td = T 0d−1 ∪ T 1d−1 ∪ {0d, e(d, d)}. Then Td is a spanning tree of Qd for all d ≥ 1. We shall call Td the standard
spanning tree of Qd centered at 0d. Observe that when an edge of Td is deleted, the smaller component is always a subcube
(note that Q0 ∼= K1 and Q1 ∼= K2). Hence, by (1), the edge congestion takes the form (d − i)2i which is maximized when
i = d− 1 by Proposition 1. Thus, the congestion of the standard spanning tree is 2d−1 and so s(Qd) ≤ 2d−1.
2.1. Construction of a spanning tree of Qd
For d ≥ 7, let k = blog2 dc. To build a spanning tree ofQd, we first decomposeQd into 2k subcubes of dimension d−k. More
precisely, let Qd = ⋃x∈Qk Qx where Qx = {(x, y) | y ∈ Qd−k} for each x ∈ Qk. Let the set of corners be {(x, 0d−k) | x ∈ Qk}.
We shall build a subdivided star whose leaves lie in distinct subcubes. Then we span the remaining vertices of the subcubes
by standard spanning trees centered at such leaves.
Let T be a spanning tree of Qk rooted at u = 0k such that dT (u) = k and the depth of T is k. Note that the depth is the
smallest possible as Qk has diameter k. For example, we could take a standard spanning tree of Qk at u. Clearly, T has at least
k leaves and any vertex other than u has fewer than 2k−k descendants. This will imply that we do not use all the neighbours
of a corner when we subsequently construct paths to join the subcubes of Qd.
Let v1, . . . , vk be k leaves of T such that all the u − vi paths in T are edge-disjoint. Thus, these k leaves are descendants
of distinct children of u. For each i, we construct a path from r = 0d to (vi, 0d−k) in Qd. Indeed, let P(vi, 0d−k) be
the path (u, 0d−k) (x1, 0d−k) (x2, 0d−k) · · · (vi, 0d−k) where ux1x2 . . . vi is the path from u to vi in T . Next, consider the
remaining 2k − k vertices of T , namely, q1 = u, q2, . . . , q2k−k. For 2 ≤ j ≤ 2k − k, let P(qj, ej) be the path
(u, 0d−k) (u, ej) (x1, ej) (x2, ej) · · · (qj, ej) where ux1x2 . . . qj is the path from u to qj in T . For q1, let P(q1, e1) be the path
(u, 0d−k) (u, e1).
Let the frameF be
⋃k
i=1 P(vi, 0d−k)∪
⋃2k−k
j=1 P(qj, ej). Note that the paths P are edge-disjoint and share only the vertex r .
Thus,F is a subdivided star with exactly one leaf in each of the subcubes of Qd, namely, the endvertex other than r of a path
P . The leaves of F are used to connect the subcubes to r , so they are called the connecting vertices. Note that every vertex in
F is a corner or adjacent to one. Moreover, since we reserve the corners for constructing paths corresponding to our initial
set of k leaves of T , when a corner is a connecting vertex, none of the other vertices of the corresponding subcube is in F .
The next step to construct a spanning tree of Qd is to extend F by attaching a spanning tree of each subcube at the
connecting vertex. Indeed, when the connecting vertex is a corner, we build a standard spanning tree for the corresponding
subcube centered at the corner. Otherwise, the connecting vertex is adjacent to a corner, in which case we have to slightly
modify the standard spanning tree. Note that the corner and some (but not all) of its neighbours may lie on paths of F .
Lemma 2. For any edge {a, b} of Qn, there is a standard spanning tree centered at a such that b and its neighbours other than a
are leaves.
Proof. Since Qn is edge-transitive, wemay assume a = 0n and b = e(1, n). We claim that Tn is a required standard spanning
tree. It is clearly true for n = 1, 2. Suppose it is true for n. By construction, Tn+1 = T 0n ∪ T 1n ∪ {0n+1, e(n + 1, n + 1)}. It
follows by induction that e(1, n + 1) and n of its neighbours which are in T 0n are leaves of Tn+1. For the unique neighbour
e(1, n+ 1)+ e(n+ 1, n+ 1) of e(1, n+ 1)which lies in T 1n , being a leaf of T 1n makes it a leaf of Tn+1. 
Suppose the connecting vertex ofQx is (x, e1)which is adjacent to the corner (x, 0d−k). By Lemma 2, there is a standard
spanning tree centered at (x, e1) such that (x, 0d−k) and all (x, ei) where 2 ≤ i ≤ d − k are leaves. We delete any of
{(x, 0d−k), (x, e2), . . . , (x, ed−k)} from the tree if the vertex is in F . Thus, we obtain a tree Sx covering all vertices of Qx
except those vertices of degree 2 on F .
Applying the same procedure to each subcube of Qd, we obtain a spanning tree T =⋃x∈Qk Sx ∪ F of Qd.
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2.2. Estimates of the edge congestion
Suppose a subcube of Qd hasm vertices on paths inF , wherem ≤ 2k−k ≤ d−k. For the edge e ofF with one endvertex
as the connecting vertex of the subcube, using (1), the edge congestion is at most d(2d−k−m)−[(d−k)2d−k−2(d−k)m] =
k2d−k + dm − 2km. Suppose u, v are successive vertices on the frame with u closer to the root r = 0d. Then it is easy to
check that if e = uv and f is the edge on the frame going from u in the direction of r , then |∂V (Af )| − |∂V (Ae)| ≤ d(u)− 2,
where Ae and Af are the components which do not contain r . In other words, when we retrace an edge e on the frame back
to the root, we increase the edge congestion by d − 2 for each level. As F originates from the spanning tree T which has
depth k, we increase the edge congestion of e by at most k(d− 2). Hence, the edge congestion of an edge on the frame is at
most k2d−k + (d− 2k)(d− k)+ k(d− 2).
As Sx is obtained from a standard spanning tree by pruning a number of leaves all of which are neighbours of the
connecting vertex of Qx, the smaller component when an edge is deleted is either a subcube or a subcube less a vertex.
The dimension of such a subcube is at most d − k − 1. Thus, the edge congestion has the form d2a − a2a = (d − a)2a or
d(2b − 1)− 2(b2b−1 − b) = (d− b)2b + 2b− d, where a, b ≤ d− k− 1. By Proposition 1, the edge congestion is at most
(k+ 1)2d−k−1 + (d− 2k− 2).
Observe that the edge congestion of an edge, incident with the root, on the frame is largest among the edges of T . Thus,
the congestion of T is at most k2d−k + (d− 2k)(d− k)+ k(d− 2). Hence, we have proved the following.
Theorem 3. For any integer d ≥ 7, we have
s(Qd) ≤ blog2 dc2blog2 dc 2
d + (d− 2blog2 dc)(d− blog2 dc)+ (d− 2)blog2 dc.
3. Lower bound for s(Qd)
In this section, we will use results on isoperimetric inequalities of edge-boundary, about which we refer to the survey by
Leader [7]. As in Ostrovskii [9], we use the following notions. Let T be a spanning tree of a connected graph G. For any vertex
v, theweight of T at v is the maximum orders of the components of T − v. A vertex u is called a centroid vertex if the weight
of T at u is minimal. Note that we either have one centroid vertex or two centroid vertices which are adjacent. The weight
w(T ) of T is defined as the weight at a centroid vertex. For completeness, we prove the following characterization of w(T )
which is found in Ostrovskii [9]. Let Ae and Be denote the components of T − e for e ∈ E(T ).
Proposition 4. w(T ) = max{min{|Ae|, |Be|} | e ∈ E(T )}.
Proof. Let u be a centroid vertex and u ∈ Ae where e = uv. Then |Ae| ≥ |Be|. Otherwise if |Ae| < |Be|, then the weight of T
at u is |Be|while that at v is at most |Be| − 1, so that u cannot be a centroid vertex. Thus, w(T ) = max{min{|Ae|, |Be|} | e ∈
E(T ) is incident with u}. For an edge e in a component C of T −u, min{|Ae|, |Be|} ≤ |C | ≤ w(T ). Hence, max{min{|Ae|, |Be|} |
e ∈ E(T )} ≤ w(T ). 
We connect the weight of a spanning tree to s(Qd) via the following theorem, due to Chung, Füredi, Graham and
Seymour [3], which estimates the size of the edge-boundary of a subset of Qd.
Theorem 5. For any nonempty subset X of Qd, |E(X, X¯)| ≥ |X |(d− log2 |X |).
A lower bound for s(Qd) is given by the following.
Theorem 6. For any integer d ≥ 1, s(Qd) ≥ log2 dd 2d.
Proof. Let T be a spanning tree T of Qd and u a centroid vertex of T . Since Qd is d-regular, there are at most d components in
T − u, each of size at mostw(T ). Therefore, 2d ≤ w(T )d+ 1, i.e.w(T ) ≥ (2d − 1)/d. By Proposition 4, there exists an edge
e such that both components of T − e have size at least (2d − 1)/d.
We could improve the lower bound onw(T ) to 2d/d by showing that d - (2d − 1). Indeed, we may assume that d > 1 is
odd. Let p be the smallest prime factor of d. Then the order k > 1 of 2 in the unit group U(Zp) satisfies k | (p − 1) and so
k - d. Hence, p - (2d − 1) and so d - (2d − 1). As the order of a component is an integer, we may assume |Ae|, |Be| ≥ 2d/d.
Then by Theorem 5,
ecQd(e, T ) = |E(Ae, Be)| ≥
2d
d
(
d− log2 2
d
d
)
= log2 d
d
2d.
Indeed, suppose g(x) = x(d − log2 x). Since edge-boundary is symmetric under taking complement, we may assume
x ≤ 2d−1. Note that g ′(x) = d − 1/ ln 2 − log2 x, so g is increasing for 2d/d ≤ x ≤ 2d−1/ ln 2 and decreasing for
2d−1/ ln 2 ≤ x ≤ 2d−1. Moreover, the minimum of g over [2d−1/ ln 2, 2d−1] is g(2d−1) = g(2d−2) = 2d−1 ≥ g(2d/d), as
2d−2 ≤ 2d−1/ ln 2. Thus, g(x) ≥ g(2d/d) for x ∈ [2d/d, 2d−1]. Hence, ecQd(e, T ) ≥ (log2 d/d)2d. Since T is arbitrary, the
spanning tree congestion of Qd is at least (log2 d/d)2d. 
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In the following, we determine the exact values of s(Qd) for 1 ≤ d ≤ 6 using a sharp bound of the edge-boundary of a
subset of Qd, due to Harper [4], Lindsey [8], Bernstein [1] and Hart [5]. The binary order of 0-1 vectors is the natural order
when each vector is viewed as a binary number.
Theorem 7. For A ⊂ Qd, let I be the set of the first |A| elements of Qd in the binary order. Then |E(A, A¯)| ≥ |E(I, I¯)|.
Let p(m) be the maximum number of edges induced by a subset of m vertices of the cube. Suppose e is an edge of a
spanning tree T of Qd. By (1), we have ecQd(e, T ) ≥ d|Ae| − 2p(|Ae|) = d|Be| − 2p(|Be|).
Lemma 8. For any 0 ≤ m ≤ 2k, k > 0, p(2k +m) = p(2k)+ p(m)+m; and p(1) = 0, p(2) = 1.
Proof. Let d > k and X ∪ Y be the first 2k + m elements of Qd, where X = {(x, 0d−k) | x ∈ Qk} and elements of Y take the
form of (y, 1, 0d−k−1). By Theorem 7, p(2k + m) is equal to the number of edges spanned by X ∪ Y . Ignoring the (k+ 1)-st
entry onward, we view Y as the first m elements of Qk, and so by Theorem 7 they span p(m) edges; moreover, each vertex
in Y is adjacent to exactly one vertex in X , which itself spans p(2k) edges. Thus, p(2k +m) = p(m)+m+ p(2k). 
Theorem 9. For 1 ≤ d ≤ 6, s(Qd) = 2d−1; 59 ≤ s(Q7) ≤ 64.
Proof. We compute the following table using the recursion in Lemma 8.
m 1 2 3 4 5 6 7 8 9 10 11 12
p(m) 0 1 2 4 5 7 9 12 13 15 17 20
3m−2p(m) 3 4 5 4
4m−2p(m) 4 6 8 8 10 10 10 8
5m−2p(m) 5 8 11 12 15 16 17 16 19 20 21 20
6m−2p(m) 6 10 14 16 20 22 24 24 28 30 32 32
7m−2p(m) 7 12 17 20 25 28 31 32 37 40 43 44
m 13 14 15 16 17 18 19 20 21 22 23 24
p(m) 22 25 28 32 33 35 37 40 42 45 48 52
5m−2p(m) 21 20 19 16
6m−2p(m) 34 34 34 32 36 38 40 40 42 42 42 40
7m−2p(m) 47 48 49 48 53 56 59 60 63 64 65 64
m 25 26 27 28 29 30 31 32 33 34 35 36
p(m) 54 57 60 64 67 71 75 80 81 83 85 88
6m−2p(m) 42 42 42 40 40 38 36 32
7m−2p(m) 67 68 69 68 69 68 67 64 69 72 75 76
m 37 38 39 40 41 42 43 44 45 46 47 48
p(m) 90 93 96 100 102 105 108 112 115 119 123 128
7m−2p(m) 79 80 81 80 83 84 85 84 85 84 83 80
m 49 50 51 52 53 54 55 56 57 58 59 60
p(m) 130 133 136 140 143 147 151 156 159 163 167 172
7m−2p(m) 83 84 85 84 85 84 83 80 81 80 79 76
m 61 62 63 64
p(m) 176 181 186 192
7m−2p(m) 75 72 79 64
Suppose s(Q6) < 32 and T is a spanning tree of Q6 with congestion s(Q6). We show that this implies w(T ) ≤ 10 which
contradicts the boundw(T ) ≥ 26/6 > 10. Indeed, for an edge e of T , 32 > ecQ6(e, T ) ≥ 6|Ae|−2p(|Ae|). Inspecting the table
above, we have 6m− 2p(m) ≥ 32 for 11 ≤ m ≤ 32. It follows that min{|Ae|, |Be|} ≤ 10. Thus, by Proposition 4,w(T ) ≤ 10.
A standard spanning tree of Qd shows that s(Qd) ≤ 2d−1; so s(Q6) = 32.
For d = 3, 4, 5, a similar analysis with critical orders of the components being 1, 2, 5 respectively shows that s(Qd) =
2d−1. Clearly, s(Q1) is 1 and s(Q2) is 2.
Since the weight of any spanning tree of Q7 is at least (128− 1)/7 > 18, the congestion must be at least 59. We remark
that any spanning tree of Q7 with congestion less than 64 has weight at most 21. 
It would be interesting to compute the spanning tree congestion of other classes of graphs, in particular discrete tori and
grids, see [6,2]. More generally, one could investigate the relation between s(G× H) and s(G) and s(H).
(Note added. A spanning tree of Q7 with congestion 61 can be constructed by modifying the general procedure.)
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